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In this paper we have implemented quantum corrections for the Schwarzschild black hole metric
using the generalized uncertainty principle (GUP) in order to investigate the scattering process. We
mainly compute, at the low energy limit, the differential scattering and absorption cross section
by using the partial wave method. We determine the phase shift analytically and verify that these
quantities are modified by the GUP. We found that due to the quantum corrections from the GUP
the absorption is not zero as the mass parameter goes to zero. A numerical analysis has also been
performed for arbitrary frequencies.
I. INTRODUCTION
The study related to the process of scattering particles through various types of black holes has been a very active
field of investigation for strong gravitational fields. Thus, in black hole physics, its properties are analyzed more
efficiently, by investigating the scattering of waves of matter over black holes. Several studies have been proposed in
order to investigate many aspects of the scattering process of scalar waves by black holes in the low energy limit [1–23].
The first works carrying out a numerical investigation of the scattering of planar waves by black holes were examined
by Sanchez in the 1970s applied to the Schwarzschild black hole [24, 25]. General relativity predicts the existence of
singularities. In particular, black hole solutions are often plagued by singularities. However, these singularities are
generally expected to be found in the inner region of a black hole. On the other hand, there are black hole solutions
in the literature that have no singularities and are called regular black holes. The first regular black hole solution was
obtained by Bardeen in 1968 [26] (for a review of regular black holes see [27]). In the literature there are some works
that have explored the scattering processes of regular black holes [28–31] in attempting to build a consistent theory of
gravity free of singularities or black hole information paradox. In recent years, it has been investigated that this type
of difficulties can be avoided by considering astrophysical objects with effective radius greater than horizon. For these
types of objects we can, for example, mention the fuzzball paradigm [32] proposed in string theory, gravastar [33, 34]
and the firewall [35, 36]. By considering quantum corrections of black hole event horizons arising from the generalized
uncertainty principle (GUP) [37] implies the formation of new types of horizonless objects, that is, the effective radius
is greater than the radius of the Schwarzschild horizon. These new objects have been called GUP stars. Another
example that aims to reconcile general relativity and quantum mechanics is the quantum geometric theory called
loop quantum gravity [38–42]. Thus, by considering a semi-classical analysis of loop quantum gravity, a metric with
quantum corrections for a self-dual black hole has been obtained in the literature [43, 44]. In [45] the thermodynamics
of the self-dual black hole was investigated through tunneling formalism and in [46] this analyzes was extended by
considering the GUP. We have very recently explored the scattering of scalar waves through a self-dual black hole
and found that due to the contribution of the minimum area the absorption is different from zero when the mass
parameter tends to zero [47]. In this work we will verify whether this effect remains or not when we consider the
effect of quantum corrections due to GUP on the scattering process for a Schwarzschild black hole.
Recently, interest in the study of scattering in gravitational theories has increased, mainly due to the observation
of gravitational waves detected by the LIGO/Virgo collaboration [48, 49]. The purpose of this work is to explore
the effect of quantum gravity corrections that contribute to the process of scattering and absorption of particles by
a Schwarzschild black hole with GUP. In order to compute the absorption and the differential cross section we will
apply the partial wave method and use the technique introduced in [50]. Thus, we will determine analytically the
phase shift at the low energy limit. We have shown that by increasing the values assigned to the GUP parameter the
absorption/differential cross section is decreased when a linear and quadratic GUP is considered. On the other hand,
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2assuming only the quadratic GUP the absorption/differential cross section is increased. In addition, we have obtained
that in the limit as the mass parameter goes to zero the absorption does not vanish due to the contribution of the
GUP. Moreover, the analysis for the high frequency regime has been investigated by numerically solving the radial
equation for arbitrary frequencies.
The paper is organized as follows. In Sec. II we derive the phase shift and calculate the differential
scattering/absorption cross section for a Schwarzschild black hole with GUP by considering analytical and numerical
analysis. In Sec. III we make our final considerations.
II. QUANTUM-CORRECTIONS TO THE METRIC
Here in order to implement quantum corrections for the Schwarzschild black hole metric and investigating the
scattering process, we begin our analysis by considering the generalized uncertainty principle (GUP) [63–67], which
has been defined as
∆x∆p ≥ ~
2
(
1− αlp
~
∆p+
α2l2p
~2
(∆p)2
)
, (1)
where α is a dimensionless positive parameter and lp is the Planck length.
Now the equation (1) can be recast in the form
∆p ≥ ~(2∆x+ αlp)
2α2l2p
(
1−
√
1− 4α
2l2p
(2∆x+ αlp)2
)
. (2)
In the following steps and without loss of generality, we shall adopt the units G = c = kB = ~ = lp = 1. So, performing
a power series in α we obtain
∆p ≥ 1
2∆x
[
1− α
2∆x
+
α2
2(∆x)2
+ · · ·
]
. (3)
For the case α = 0 we recover the Heisenberg uncertainty principle
∆x∆p ≥ 1
2
. (4)
Therefore, from (4) we can obtain a bound for massless particles that is given by
E∆x ≥ 1
2
. (5)
In this case, the equation (3) can be written as follows
E ≥ E
[
1− α
2(∆x)
+
α2
2(∆x)2
+ · · ·
]
. (6)
The relation (6) can still be written in terms of the mass assuming that ∆p ∼ E ∼ M and ∆x ∼ rh = 2M and thus
we obtain the following dispersion relation
M = Mgup ≥M
(
1− α
4M
+
α2
8M2
)
. (7)
From the expression above we can obtain a relation to the event horizon
rhgup = 2Mgup ≥ rh
(
1− α
2rh
+
α2
2r2h
)
. (8)
When considering only the quadratic GUP, the above relationship becomes
rhgup = 2Mgup ≥ rh
(
1 +
α2
2r2h
)
. (9)
3Note that in this case the event horizon due to the GUP is now greater than the event horizon of the Schwarzschild
black hole. Thus the effect of the quadratic GUP naturally implies obtaining quantum astrophysical objects that are
called horizonless objects.
The metric for the Schwarzschild black hole with quantum corrections introduced by the GUP is obtained by
replacing the mass M with the mass GUP Mgup (or replacing the Schwarzschild horizon radius, rh, with rhgup) and
is described by the following line element
ds2 =
(
1− 2Mgup
r
)
dt2 −
(
1− 2Mgup
r
)−1
dr2 − r2 (dθ2 + sin2 θdφ2) . (10)
Here the event horizon, rhgup, is given by
rhgup = 2Mgup = rh
(
1− α
4M
+
α2
8M2
)
, (11)
where rh = 2M is the event horizon of the Schwarzschild black hole.
Note that, taking the limit of M → 0 we find that the radius of the horizon, rhgup, is not zero, that is
rhgup ≈ α
2
4M
, (12)
and in terms of the mass we have
Mgup ≈ α
2
8M
. (13)
A. Differential Scattering Cross Section
In this section we introduce the Schwarzschild black hole with quantum corrections implemented by the GUP for
the purpose of determining the differential scattering cross section for this model. Thus, for this purpose we adopt
the partial wave method to calculate the phase shift at the low energy limit. We now consider the case of the massless
scalar field equation to describe the scattered wave in the background (10), given by
1√−g ∂µ
(√−ggµν∂νΨ) = 0. (14)
By applying a separation of variables into the equation above
Ψωlm(r, t) =
Rωl(r)
r
Ylm(θ, φ)e
−iωt, (15)
where Ylm(θ, φ) are the spherical harmonics and ω is the frequency, the radial equation for Rωl(r) is now written in
the following form
λ(r)
d
dr
(
λ(r)
dRωl(r)
dr
)
+
[
ω2 − Veff
]Rωl(r) = 0, (16)
where
λ(r) = 1− 2Mgup
r
= 1− 2M
r
(
1− α
4M
+
α2
8M2
)
, (17)
and
Veff =
λ(r)
r
dλ(r)
dr
+
λ(r)l(l + 1)
r2
, (18)
being defined as the effective potential.
Next, in order to write equation (16) in the form of a Schroedinger-type equation, we consider a new change of
variables, i.e., the radial function χ(r) = λ1/2(r)R(r), such that
d2χ(r)
dr2
+ V (r)χ(r) = 0, (19)
4with V (r) being defined as follows
V (r) =
[λ′(r)]2
4λ2(r)
− λ
′′(r)
2λ(r)
+
ω2
λ2(r)
− Veff
λ2(r)
. (20)
At this point we consider equation (19) and for the potential V (r) we will perform a power series expansion at 1/r,
so that we have
d2χ(r)
dr2
+
[
ω2 + Ueff (r)
]
χ(r) = 0, (21)
where Ueff is a new effective potential given by
Ueff (r) = 4Mgup ω
2
r
+
12`2
r2
+ · · · . (22)
Notice that due to the modification of the term in 1/r2, `2 has been defined as follows [50, 51]:
`2 ≡ − (l
2 + l)
12
+M2ω2
(
1− α
4M
+
α2
8M2
)2
. (23)
In the limit as r → 0 we have Ueff (r)→ 0 and so the suitable asymptotic behavior is satisfied.
Now we will determine the phase shift analytically, at the low frequency limit, by using the following approximation
formula
δl ≈ 2(l − `) = 2
l −
√
− (l
2 + l)
12
+M2ω2
(
1− α
4M
+
α2
8M2
)2 , (24)
and since at the low frequency limit the phase shift δl is obtained by considering l→ 0, we have
δl = −2Mω
(
1− α
4M
+
α2
8M2
)
+O(l). (25)
Next, using the expression (25) for the phase shift, we can obtain the differential scattering cross section by applying
the following equation [61, 62]:
dσ
dθ
=
∣∣f(θ)∣∣2 = ∣∣∣ 1
2iω
∞∑
l=0
(2l + 1)
(
e2iδl − 1) Pl cos θ
1− cos θ
∣∣∣2. (26)
Now taking the small angle limit the above equation becomes
dσ
dθ
=
4
ω2θ4
∣∣∣ ∞∑
l=0
(2l + 1) sin(δl)Pl cos θ
∣∣∣2, (27)
=
16M2
θ4
(
1− α
4M
+
α2
8M2
)2 ∣∣∣ ∞∑
l=0
(2l + 1)Pl cos θ
∣∣∣2. (28)
Therefore, at the low frequency limit, that is for l = 0, we obtain the following result:
dσ
dθ
∣∣∣lf
ω→0
=
16M2
θ4
(
1− α
4M
+
α2
8M2
)2
+ · · · , (29)
=
16
θ4
(
M2 − αM
2
+
5α2
16
− α
3
16M
+
α4
64M2
)
+ · · · . (30)
Note that for α = 0 the result for the Schwarzschild black hole is obtained. Hence, we verify that the result for the
differential scattering cross section of the Schwarzschild black hole with GUP is decreased as we increase the values
of the α parameter. By considering only the quadratic GUP, the differential scattering cross section becomes
dσ
dθ
∣∣∣lf
ω→0
=
16M2
θ4
(
1 +
α2
8M2
)2
+ · · · , (31)
=
16
θ4
(
M2 +
α2
4
+
α4
64M2
)
+ · · · . (32)
5At the limit of M → 0 the dominant term of equation (29) becomes nonzero and is given by
dσ
dθ
∣∣∣lf
M→0
≈ α
4
4θ4M2
. (33)
B. Absorption Cross Section
We will now determine the absorption cross section for a Schwarzschild black hole with quantum corrections
originating from the GUP at the low frequency limit. The total absorption cross section can be determined as
following:
σabs =
pi
ω2
∞∑
l=0
(2l + 1)
(∣∣1− e2iδl ∣∣2) = 4pi
ω2
∞∑
l=0
(2l + 1) sin2(δl). (34)
By considering the low energy limit (ω → 0) and replacing (25) in (34), the absorption for l = 0 is given by
σlfabs = 16piM
2
(
1− α
4M
+
α2
8M2
)2
, (35)
= 16pi
(
M2 − αM
2
+
5α2
16
− α
3
16M
+
α4
64M2
)
= 4pir2hgup = Aschwgup. (36)
In the absence of the GUP, when α = 0, we recover the result for the absorption of the Schwarzschild black hole. So
we can observe that, by considering the linear and quadratic GUP, the absorption amplitude has its value reduced
when we increase the value of α. However, by assuming only the quadratic GUP, we find the following result for
absorption at the low frequency limit
σlfabs = 16piM
2
(
1 +
α2
8M2
)2
, (37)
= 16
(
M2 +
α2
4
+
α4
64M2
)
. (38)
In this case the absorption increases when we increase the value of α. From equations (35) and (38) we can obtain
a very interesting result in the limit as the mass goes to zero. In this limit the absorption presents a non-zero value,
contrary to the usual case of the Schwarzschild black hole, which is given by
σlfabs ≈
piα4
4M2
. (39)
It is worth noting that, contrarily to the usual case of a Schwarzschild black hole, the differential scattering/absorption
cross section of a Schwarzschild black hole with quantum corrections implemented by the GUP is different from zero
when the mass goes to zero.
C. Numerical analyses
At this point we show the numerical results that were obtained by numerically solving the radial equation (16).
For this we follow the same numerical procedure performed in [57]. The table I shows the comparison between the
analytical and numerical results of the absorption with the linear and quadratic GUP for values of α between 0 and
1, fixing the values of M = 1 and l = 0. In table II we show the comparison between the analytical and numerical
results of the absorption with only quadratic GUP for values of α between 0 and 1, fixing the values of M = 1 and
l = 0. In table III we present the comparison between the analytical and numerical results of the absorption with
only quadratic GUP for values of M between 0 and 1, fixing the values of α = 0.4 and l = 0. Thus, as shown in
Tables I, II and III, the results obtained analytically and numerically are in good agreement.
By considering the linear and quadratic GUP, we have plotted in Fig. 1 the partial absorption for mode l = 0 with
M = 1, and adopting the following values for the GUP parameter α = 0.1, 0.3, 0.6. Analyzing the curves, we find
that the absorption amplitude of the Schwarzschild black hole with GUP is decreased as we vary the α parameter.
In Fig. 2, considering only quadratic GUP, we have plotted the partial absorption for mode l = 0 with M = 1, and
6TABLE I: Analytical and numerical absorption results for ω → 0 with M = 1 and l = 0.
α Equation (35) Numerical Results
0.0 16.0000 15.9999
0.1 15.2490 15.2491
0.3 14.0250 14.0218
0.5 13.1406 13.1409
0.7 12.5670 12.5673
0.9 12.2850 12.2853
1.0 12.2500 12.2502
TABLE II: Analytical and numerical absorption results for ω → 0 with M = 1 and l = 0.
α Equation (37) Numerical Results
0.0 16.0000 16.0021
0.2 16.1604 16.1624
0.4 16.6464 16.6474
0.6 17.4724 17.4738
0.8 18.6624 18.6626
1.2 22.2784 22.2797
adopted the following values for the GUP parameter α = 0.1, 0.4, 0.8, 1.2. We find that the absorption amplitude is
now increased when we increase the values of the parameter α. By considering the linear and quadratic GUP we can
see in Fig. 3 that when reducing the mass value the absorption amplitude does not vanish. Finally by adopting only
the quadratic GUP, Fig. 4 shows that the absorption amplitude also does not vanish as the mass is reduced. For
M = 0.015 the amplitude is greater than in the graph in Fig. 3.
III. CONCLUSIONS
In this work we have analyzed the process of massless scalar wave scattering due to a Schwarzschild black hole with
quantum corrections implemented by the GUP through the partial wave method. We have computed the phase shift
analytically at the low energy limit, and then have shown that the dominant contribution at the small angle limit of the
differential scattering cross section is modified due to the GUP parameters. We have also found that the result for the
absorption cross section is given by the event horizon area of the Schwarzschild black hole with quantum corrections
introduced by the GUP at the low frequency limit. We have also shown that, contrarily to the Schwarzschild black
hole, the differential scattering/absorption cross section is nonzero at the zero mass limit. Thus, we have found that at
the limit of M → 0 the absorption cross section presents a dominant contribution that is inversely proportional to the
mass M , i.e., σlfabs ≈ piα2/M2. In addition, we have verified these results by numerically solving the radial equation for
arbitrary frequencies. It is interesting to mention that this obtained result shows similarities with the result obtained
in the case of the self-dual black hole [47] and also with the case of the non-commutative black hole [51]. For the
non-commutative black hole, the absorption at the zero mass limit does not vanish and presents a result independent
of the mass, that is, σlfabs ≈ 64 θ, where θ is the non-commutativity parameter.
TABLE III: Analytical and numerical absorption results for ω → 0 with α = 0.4 and l = 0.
M Equation (37) Numerical Results
1.000 16.6464 16.6474
0.500 4.66560 4.66716
0.140 1.28013 1.28098
0.030 7.76551 7.76645
0.015 29.0880 29.0883
0.010 64.6416 64.6354
7α = 0.0α = 0.1α = 0.3α = 0.6
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FIG. 1: Partial absorption cross section with linear and quadratic GUP for l = 0, with M = 1 and α = 0.0, 0.1, 0.3, 0.6.
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FIG. 2: Partial absorption cross section with only quadratic GUP for l = 0, with M = 1 and α = 0.0, 0.4, 0.8, 1.2.
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